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The gravitational lensing of gravitational waves might cause beat patterns detectable by interfer-
ometers. The feature of this kind of signal is the existence of the beat pattern in the early inspiral
phase, followed by seemly randomly changing profile. After the strain peaks for the first time, the
signal takes the usual waveform and the strains peaks for the second time. Once this signal is
detected, the actual magnification factors can be obtained, so the true luminosity distance of the
binary system is known. We can also infer the mass of the lens and the cosmological parameters
with unprecedented precision due to the high accuracy in the measurement of the waveform.
I. INTRODUCTION
The existence of the gravitational wave (GW) has been
confirmed by the 11 GW events observed by LIGO/Virgo
collaborations [1]. Like the electromagnetic wave, GWs
propagate at the speed of light c, and polarize in the
direction perpendicular to their propagation directions
[2]. Due to the equivalence principle, the trajectory of the
GW bends when there is a gravitational potential near its
way. This leads to the gravitational lensing effect [3, 4].
The lensing could cause the magnification in the GW
amplitude, making it easier to be detected. However,
this also leads to the underestimate of the luminosity
distance of the GW source [5, 6].
GWs produced by the binary systems have much
longer wavelengths than the (visible) light, so the wave
optics effects [3, 7–10] would be strong if the lens is not
massive enough. For GWs detectable by the ground-
based detectors (1 - 104 Hz), the geometric optics works if
the mass of the lens is larger than about 104M, while for
GWs with the frequencies in the LISA band (10−4 - 10−1
Hz), the lens mass should be at least 108M [11, 12]. De-
spite some interesting phenomena (e.g., diffraction) due
to the wave optics [8, 13], we would like to concentrate
on the geometric optics. In this case, the lensed GWs
travel in distinct paths, and arrive at the Earth at differ-
ent times.
In this work, we will consider the strong lensing effect
of the GW. More specifically, the time delay ∆t between
lensed GWs should be on the order of merely a few sec-
onds if they are to be detected by the ground-based inter-
ferometers, while if the space-borne detectors are used,
∆t can be as long as a few months. In this case, these
detectors would observe the lensed GWs simultaneously.
Since the binary system produces nearly monochromatic
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GWs, and the GWs emitted in distinct directions carry
definite phase differences from each other [14], a beat
pattern appears in the time domain. Gradually, the beat
pattern fades, since the frequency difference grows larger
compared to their average. After the merger is observed
along the earlier GW, the beat pattern quickly dimin-
ishes and the usual waveform emerges. As long as such
kind of behavior is observed, one infers that the GWs
were probably lensed [8]. This scenario allows us to in-
fer the magnification factors of the amplitudes, then the
absolute magnification factors can be determined, which
determines the correct luminosity distance. One can also
directly measure ∆t very accurately from the observed
waveform without the aid of the electromagnetic coun-
terparts. With these information and assuming suitable
lens models, the redshifted lens mass or the cosmological
parameters can be determined.
In order to form the beat pattern, the constraint on
∆t for the ground-based detectors is highly tight, so the
probability of using the ground-based detectors to find
beats is tiny. However, the requirement on ∆t for the
space-borne detectors is much relaxed, which implies that
it is more plausible to use the detectors such as LISA to
detect the beat pattern. In spite of the low probability
associated with the ground-based detectors, we will start
with the discussion on the beats detected by these de-
tectors. This is because during the observation period,
the motion of the Earth can be ignored, which makes
the analysis simpler. The analysis of the beats observed
by the space-borne detectors is more complicated as the
detectors are moving in space during the observation,
and their motion constantly changes the antenna pat-
tern functions [15]. But if the beat period is in the range
of a few hours to a few minutes, it is a good approxima-
tion to ignore the motion of the space-borne detectors.
So once we understand how the ground-based detectors
detect the beat pattern and make use of it, we can easily
generalize that to the space-borne detectors.
Moreover, in the discussion on the beat pattern ob-
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2served by the ground-based detectors, we use the simple
lens model of a point mass to illustrate the formation of
the beats, the conditions and the applications. In con-
trast, for the space-borne detectors, the lens is chosen to
be a singular isothermal sphere (SIS) [3]. The stars in
galaxies may cause microlensing that also leads to the
modulation in the GW amplitude. By Ref. [16], the ef-
fect of the microlensing is prominent when the magnifi-
cation of the strong lensing is about a few hundreds to
a few thousands, that is, when the saturation regime is
reached. In the following scenarios to be discussed, the
saturation is never reached, so the microlensing effect is
negligible. Even if the magnification of the strong lensing
is very large in some situations, the microlensing effect
might also be less significant, because the beat pattern
considered in our work exists in the (early) inspiral phase,
and the microlensing induces modulation in higher fre-
quency range (∼a few hundred Hz) [16]. Therefore, in
our discussion, we ignored the microlensing effect.
GW sources can be used as the standard sirens to mea-
sure their luminosity distances [17]. However, the gravi-
tational lensing, in particular, the weak lensing makes the
measurement less accurate with the uncertainty around a
few percent [18]. This can be partially mitigated by uti-
lizing the shear and flexion maps to infer the convergence
and thus the magnification [19, 20]. The uncertainty in
the luminosity distance can be reduced by 50%. The re-
maining uncertainty will inevitably affect our analysis,
which should be considered in more realistic analysis. In
this work, we neglect the effect of the weak lensing.
In Ref. [21], the interference between lensed GWs was
also investigated within the geometric optics regime. The
author did not use this interference to determine the lu-
minosity distance, the lens mass or infer cosmological
implications. Gravitational lensing has a wide range of
applications, for example, detecting dark matter [22–25],
constraining the speed of light [26], determining the cos-
mological constant [27–29], and examining the wave na-
ture of GWs [13, 30]. Although no gravitational lensing
signals have been detected in the observed GW events,
the advent of more sensitive GW detectors might make
it possible soon [31].
In the following, we start with a brief review on the
gravitational lensing of GWs in Sec. II. Then we dis-
cuss the formation of the beat pattern observable by the
ground-based interferometers in Sec. III. There, Sec. III A
discusses generally the formation and the features of the
beat pattern; Sec. III B is devoted to the signal-to-noise
ratio (SNR) of such kind of signal; and finally, Sec. III C
focus on the application of the beat pattern to determine
the redshifted lens mass. In Sec. IV, we generalize the
previous analysis to the space-borne detectors, in particu-
lar, LISA. In Sec. IV A, the formation and the SNR of the
beat detected by LISA are presented, and in Sec. III C,
the application of the beat pattern to constrain cosmolog-
ical parameters is speculated. Of course, in both III and
IV, how to determine the actual luminosity distance of
the GW source is discussed. Finally, Sec. V summarizes
this work. In this work, the geometric units (G = c = 1)
are used.
II. GRAVITATIONAL LENSING OF
GRAVITATIONAL WAVES
In the geometric optics limit, GWs propagating in a
generic, curved background interact with the background
and experience three effects. First, the GW is described
by gravitons, traveling in null geodesics. Second, the
number of gravitons is conserved along the trajectory
and the polarization plane rotates as the trajectory bends
[14]. Since the deflection angle is very small, this rotation
is ignored in this work. Third, the gravitational Faraday
rotation occurs at the higher orders, so will also be ig-
nored [32].
Figure 1 shows a typical geometry of a lens. The lens is
labeled by L, and two GW rays (1 and 2) pass by it in two
trajectories. The angles θ± are between the lensed rays
and the optical axis OL, with O labeling the observer.
There are many different lens models. In the simplest
case, the lens is a point mass M . Then one has [3]
θ± =
1
2
(β ±
√
β2 + 4θ2E), (1)
where β is the misalignment angle between the optical
axis and the direction from the observer to the source
of the GW, and θE =
√
4M DLSDSDL is the Einstein angle.
DL = D(zL) and DS = D(zS) are the angular diameter
distance D(z) at redshifts zL and zS, respectively. DLS
is the angular diameter distance between the source and
the lens. Since the probabilities for lensed GWs from the
neutron star-neutron star mergers and the black hole-
black hole mergers peak at redshifts about 2 and 4 [33],
respectively, in this work, we are considering the sources
at about z = 2 as examples. Due to the focusing effect
of the lens, the amplitudes of the two rays get magnified
by factors of
µ± =
|θ±|√
|θ2+ − θ2−|
, (2)
respectively. Finally, there is a time delay between the
two rays, given by
∆t = 4M(1 + zL)
(
θ2+ − θ2−
2θ2E
+ ln
θ+
−θ−
)
. (3)
A more realistic lens model is SIS, which is suitable for
the early-type galaxies, and has a major contribution to
the strong lensing probability [34, 35]. In this model,
θ± = β ± θE, (4)
where the Einstein angle is θE = 4piσ
2
vDLS/DS with σv
the line-of-sight velocity dispersion of the stars in the
3S
O L
DL DLS
θ+
θ-β
FIG. 1. Geometry of a Schwarzschild lens.
galaxy. The magnification factors are
µ± =
√∣∣∣∣ θ±/θE|θ±/θE| − 1
∣∣∣∣, (5)
and the time delay is
∆t = 16pi2σ4v(1 + zL)
DLDLS
DS
θ+ + θ−
θE
. (6)
In both models, the amplitudes of GWs get ampli-
fied by factors of µ± after passing the lens. This would
cause the underestimate of the luminosity distance of the
source if the lensing effect is ignored. The time delays of
many lensing systems are much longer than the obser-
vation periods of LIGO/Virgo, but usually shorter than
that of LISA, depending on the mass function [36]. The
particular scenario to be considered below provides the
possibility to erase the effect of the lensing, and the true
luminosity distance can be inferred, because the GW rays
reach the detector simultaneously in certain time win-
dows. Moreover, the luminosity distance, the lens mass
and the cosmological parameters could also be obtained
in the following scenario.
III. INTERFERENCE OBSERVED BY THE
GROUND-BASED DETECTORS
A. Beat pattern
If there is a time window when the GW rays 1 and
2 reach the detector simultaneously, the strain is h(t) =
h1(t) + h2(t), which can be schematically expressed as
h =µ+
[
A+ cos(ω1t+ φ1) +A
× sin (ω1t+ φ1)
]
+ µ−
[
A+ cos(ω2t+ φ2) +A
× sin (ω2t+ φ2)
]
=µs
[
A+ cos (ωft+ φf) cos (ωbt+ φb)
+A× cos
(
ωft+ φf − pi
2
)
cos (ωbt+ φb)
]
+
µd
[
A+ cos
(
ωft+ φf +
pi
2
)
cos
(
ωbt+ φb − pi
2
)
+A× cos (ωft+ φf) cos
(
ωbt+ φb − pi
2
)]
,
(7)
where A+/× stand for the amplitudes of the rays, µs =
µ+ + µ− and µd = µ+ − µ−. If these rays were gener-
ated by a binary system with masses m1 and m2 circling
around each other, their amplitudes are roughly,
A+ =
4M
dL
(piMf)2/3F+ 1 + cos
2 ι
2
, (8)
A× =
4M
dL
(piMf)2/3F× cos ι, (9)
at the leading order, where M = (1 +
zS)(m1m2)
3/5/(m1 + m2)
1/5 is the redshifted chirp
mass, dL is the luminosity distance, ι is the inclination
angle and F+/× are the antenna pattern functions
[15, 37]. In addition, ω1 and ω2 in Eq. (7) are the
angular frequencies of the GWs, φ1 and φ2 are their
initial phases, and
ωf =
ω1 + ω2
2
, φf =
φ1 + φ2
2
, (10)
ωb =
ω1 − ω2
2
, φb =
φ1 − φ2
2
. (11)
In the early inspiral phase, 2ωb is smaller than 2ωf, be-
cause of the small time delay ∆t, so beat pattern forms
in the time domain with the beat frequency ωb.
For the binary star system during the inspiral phase,
the GW angular frequency evolves according to
dω
dt
=
192
5
M5/3
(ω
2
)11/3
, (12)
at the leading order. When ωb  ωf, Eq. (12) can be
used to calculate
ωb ≈ 96
5
(ωf
2
)11/3
M5/3∆t, (13)
and ωf is roughly the GW angular frequency. So as the
time advances, ωf increases and ωb/ωf ∝ ω8/3f becomes
larger. Eventually, the beat pattern disappears. After
the compact-object merger is observed along ray 1, its
strain drops dramatically, and the total strain is basically
h ≈ h2, which has the same behavior as usual waveform
with the amplitude magnified by a factor of µ−.
With PyCBC [38], one can easily simulate the inter-
ference between the two GW rays 1 and 2. For example,
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FIG. 2. The schematic diagrams showing the strains and
the beat pattern in the time domain. In the two panels, the
horizontal axes are time t in sec, and the vertical axes are
strain 1022h.
let m1 = 30M and m2 = 20M, and the binary sys-
tem is assumed to be at zS = 2. Suppose the lens is a
point mass with M = 106M and is at zL = 1. Choose
β = 2.5× 10−5 arcsecond, then the magnification factors
are µ+ ≈ 2.27 and µ− ≈ 2.25. With these choice of pa-
rameters, the time delay is ∆t ≈ 1.49 sec, which is small
enough. Although β is very small, the wave optics can
still be ignored because the time delay ∆t is still much
longer than the period of the GW in the detector bands
[8]. For the purpose of demonstration, we assume that
the two GR rays are parallel to each other as the deflec-
tion angles are α1 ≈ α2 ≈ 3.6× 10−3 arcsecond. The in-
clination angle is chosen to be ι = 0. Let the GWs travel
in the direction perpendicular to the detector arms, then
the strains h1, h2 and h are shown in Fig. 2. The upper
panel shows the strains h1 and h2, separately. The lower
panel shows the total strain h = h1 + h2. At the earlier
time, e.g., t <∼ −2 sec, there exists a fairly good beat pat-
tern whose frequency ωb increases with time. After −2
sec, the beat pattern gets disturbed due to the growth
in ωb/ωf, and finally, it disappears. Although Fig. 2 is
for the binary black hole merger, it is easy to understand
that similar waveforms also apply to the binary neutron
star and neutron star-black hole mergers.
The lower panel in Fig. 2 depicts the characteristic
feature of the beat pattern. As long as one observes such
kind of events, one knows that the GWs were probably
lensed [8]. Several quantities can be determined utilizing
the lensed waveform. The beat frequency ωb and the
average frequency ωf can be read off from the waveform in
the early inspiral stage. The chirp massM is determined
from the strain after the merger is observed through the
first ray, and thus Eq. (13) gives ∆t, which could also
be read off from Fig. 2 by measuring the length from
the first merge to the second. Therefore, the time delay
can be determined without the aid of the electromagnetic
counterpart in principle, with a higher precision on the
order of ∼ 0.1 sec.
B. Signal-to-noise ratio
The frequency domain waveform for the beat is also
easy to be obtained, which is used to calculate the signal-
to-noise ratio (SNR) [39]. Let h˜1(f) be the frequency
domain waveform for h1(t), i.e.,
h˜1(f) = µ+
∫ ∞
−∞
hu(t)e
i2piftdf, (14)
where hu(t) is for the unlensed waveform, then the fre-
quency domain waveform h˜2(f) for h2(t) =
µ−
µ+
h1(t−∆t)
is
h˜2(f) = e
i2pif∆tµ−h˜u(f). (15)
So the total waveform is
h˜(f) =
√
µ2+ + µ
2− + 2µ+µ− cos(2pif∆t)h˜u(f), (16)
where h˜u(f) represents the unlensed frequency domain
waveform. Figure 3 shows the characteristic strains of
the beat and the unlensed signals, together with the sen-
sitivity curves of aLIGO, Einstein Telescope (ET) and
Cosmic Explorer (CE) [40, 41]. It shows that the beat
strain is highly oscillating in the frequency domain, due
to the small ∆t. In fact, the “period” of this oscillation
is 1/∆t ≈ 0.67 Hz. The SNR’s for the signals presented
aLIGO ET CE
beat 4.09 78.0 294
unlensed 1.28 24.3 91.8
TABLE I. SNR’s for the GW considered in Fig. 2. The de-
tectors are chosen to be aLIGO, ET and CE. “unlensed” cor-
responds to the red or the blue signal in the upper panel of
Fig. 2, and “beat” is for the signal in the lower panel.
in Fig. 2 can thus be calculated, assuming the detector
is aLIGO, ET or CE, and tabulated in Table I. In this
table, “unlensed” refers to the SNR calculated for the
red or the blue signal in the upper panel of Fig. 2, while
“beat” is for the beat signal in the lower panel. It is clear
that the interference causes increases in SNR’s due to (1)
5FIG. 3. The characteristic strains for the beat (solid blue
curve) and the unlensed GW (solid brown curve) together
with the sensitivity curves of aLIGO (dot-dashed yellow
curve), ET (dashed purple curve) and CE (dotted greeen
curve).
the amplification of the individual GW signal and (2) the
simultaneous detection of them. One finds out that the
beat has large enough SNR’s if it is detected by ET or
CE.
C. Application
Suppose such kind of signal can be detected with a high
SNR, then one can make use of it to extract some useful
information about the lens and even some cosmological
parameters. By Eq. (7), it is possible to infer µs/µd by
matched filtering once the template for the lensed GWs
is used. If µd is too small to be determined, one can still
obtain µs/µ− by measuring the amplitude of h2 using
the data after the merger is detected through the first
ray. So the relative magnification µ+/µ− is known,
µ+
µ−
=
1 + µs/µd
1− µs/µd =
µs
µ−
− 1, (17)
which can be used to find the ratio r± = θ+/θ− = µ+/µ−
with Eq. (2). Substituting r± back into Eq. (2) gives the
actual magnifications,
µ+ =
1√∣∣1− r−2± ∣∣ , µ− =
1√∣∣r2± − 1∣∣ . (18)
With these, one can unambiguously calculate the lumi-
nosity distance of the source. Further, using r±, Eqs. (1),
and (2), one finds β/θE, which can be substituted into
Eq. (3), with the help of Eq. (1), to find the redshifted
lens mass,
M(1 + zL) =
∆t
4
[
1
2
∣∣∣∣r± − 1r±
∣∣∣∣+ ln(−r±)]−1 . (19)
The above application relies on the observation of sev-
eral beats, so the observation time should be a few sec-
onds, which can be achieved for the third generation de-
tectors such as ET and CE. One can estimate how long
an inspiral signal lasts given an initial frequency by inte-
grating Eq. (12) to get the GW frequency,
f(t) =
[
f−8/3c −
256pi
5
(piM)5/3(t− tc)
]−3/8
, (20)
and then, solving for t − tc. Here, tc is the fiducial co-
alescence time and fc is the corresponding coalescence
frequency. One may choose fc = fisco with [42]
fisco = 8.80(1+1.25η+1.08η
2)
[
M
(1 + zS)(m1 +m2)
]
kHz,
(21)
where η = m1m2/(m1 +m2)
2 is the symmetric mass ra-
tio. This is the GW frequency when the inner-most sta-
ble circular orbit (ISCO) of the binary system is reached.
Take the unlensed GW signal in the previous subsections
for example. From Fig. 3, the unlensed signal is well
above the sensitivity curves of ET and CE from 5 Hz,
then using the above equation, one finds out that the
time left to reach fisco is about 8.6 sec, which is long
enough to contain several beat periods.
This application also calls for high enough lensing
event rates. Several works discussed the lensing rates
for LIGO [5] and ET [33, 43, 44]. At the design sen-
sitivity, aLIGO could only detect about 5 lensed GW
events per year, while the event rate increases to about
80 to 100 per year for ET. In their calculations, some
more realistic lens models such as SIS were considered,
and the lensed GW events were required to have high
enough SNR’s (≥ 8). The event rate for the beat pattern
would be even smaller, because of the extreme restric-
tion on ∆t, or β. Although the rate will be calculated in
the future work, here we roughly estimate it. Assuming
the SIS model (in order to be more realistic), β should
be around 10−7 arcsecond if the source and the lens are
still at zS = 2 and zL = 1, respectively, and σ = 250
km/s [26]. The Einstein angle is θE = 0.65 arcsecond,
so β/θE ≈ 10−6 ∼ 10−7. Then by [45], the lensing cross
section and thus the optical depth would be about 12 to
14 orders of magnitude smaller than those considered in
Refs. [5, 33, 43, 44], so the lensing rate for the beat is
much less than the predicted values quoted above.
For the space-borne interferometers, the restriction on
β is much relaxed, and the lensing rate is expected higher.
So in the next section, we will discuss the beat detectable
by these detectors.
IV. INTERFERENCE OBSERVED BY THE
SPACE-BORNE DETECTORS
From the above discussion, one finds out that in or-
der to detect the beat pattern on the ground, there is
6a tremendously tight bound on β ∼ 10−5 − 10−7 arc-
second. This leads to the extremely low probabilities to
observe the beat pattern even with ET or CE. The tight
bound is due to the small observation periods available to
these detectors. In contrast, the target GWs of the space-
borne interferometers could last for much longer times.
The formation of the beat pattern by lensing these GWs
places milder constraint on β. It is useful to study the
beat pattern observed by detectors such as LISA and the
application.
The following discussion will parallel to that in the
previous section III. In order to avoid the repetition, we
will emphasize some of the differences, which are mainly
the less restricted misalignment angle β, the longer and
more beat periods.
A. Beat and its SNR
Before demonstrating a concrete example of a beat pat-
tern, we should notice that LISA, for instance, is sensitive
in frequency range 10−4−10−1 Hz. So one should expect
that the beat period can be very long, as the beat angu-
lar frequency ωb  ωf with ωf roughly the GW angular
frequency. If the beat period is too long, e.g., on the or-
der of a few months, then the orbital motion of the LISA
satellites would have some imprints on the interference
pattern detected by LISA. This is due to the fact that
the antenna pattern functions F+/× [refer to Eqs. (8) and
(9)] depend on the relative orientation of the GW to the
constellation plane of LISA. So for a fixed GW source,
LISA would register different strains at different positions
in its orbit [15], as nicely demonstrated in Ref. [46]. This
effect would make the analysis of the beat pattern more
complicated, since F+/× are effectively also functions of
time t. However, ωb grows over time by Eq. (13). Thus
there is the possibility that ωb becomes large enough such
that the beat period is on the order of a few hours to a
few minutes. When this happens, the orbital motion of
LISA might be ignored. Although the varying F+/× dur-
ing the long beat periods do not fundamentally change
the analysis of the beat, in the current work, we focus on
the simpler case where the beat periods are small enough
to ignore the orbital motion of LISA.
In order to make sure that there exists some time win-
dow when the beat periods are small enough to ignore
the orbital motion of LISA, the time delay ∆t should
be big enough. But at the same time, ∆t should also
be bounded from above, otherwise ωb would quickly in-
crease to such a good portion of ωf in a relatively short
time that there are not enough beats for us to use. In
the following, we will exhibit a binary system and a SIS
lens to satisfy these conditions.
The suitable sources of GWs detectable by the space-
borne interferometers usually have much heavier masses
than the above example. For example, one may consider
a binary star system of masses 5×104M and 4×104M
at the redshift zS = 2. Let the lens be an early-type
galaxy with the velocity dispersion σ = 250 km/s [26].
Then set β = 0.1 arcsecond, resulting in θE = 0.65 arc-
second, µ+ ≈ 2.75, and µ− ≈ 2.35. The time delay is
∆t = 1.05 months, which is an appropriate value. Here,
we display the frequency domain waveforms for the beat
and the unlensed GW in Fig. 4, together with the sen-
sitivity curve of LISA, using LISA sensitivity calculator
[47, 48]. In this plot, the unlensed GW is represented
FIG. 4. The characteristic strains for the beat (solid cyan
curve), the unlensed GW (solid brown curve) and the sensi-
tivity curve of LISA (dot-dashed orange curve). This plot is
generated using LISA sensitivity calculator [48].
by the solid brown curve, which is well above the sensi-
tivity curve of LISA, the dot-dashed orange curve. One
can easily calculate its SNR, which is approximately 517.
The cyan curve is for the beat. According to Eq. (16),
the strain of the beat h˜(f) is oscillating in the frequency
domain with the “period” 1/∆t ≈ 3.66× 10−7 Hz. Such
a small period makes the cyan curve curl up to form a
band. Its SNR is about 1870.
Suppose this interfered signal can be detected from
10−4 Hz, then it can be estimated that fisco is reached
after nearly 1.36 years. Integrating Eq. (20) over time
gives the phase of the GW,
φ(t) =φc +
1
16
{
1
(piMfc)5/3
−
[
1
(piMfc)8/3 −
256
5
t− tc
M
]5/8}
,
(22)
where φc is a fiducial coalescence phase. This facilitates
the determination of the beat period more accurately.
In fact, the phase for the beat is φb(t) = φ(t) − φ(t −
∆t). Now, set cosφb(t) = 0, then one can solve this
equation to determine the time tn when φb(tn) = (n +
1/2)pi with n some integer, and tn+1 − tn is half of the
beat period. It turns out that the periods for the first
few beats are from about two weeks down to one or two
days. So none of these beats can be used to easily extract
7useful information. There are actually some beats with
small enough periods, on the order of a few hours. These
beats start from the time when there are just 10.6 months
before the GW frequency reaches fisco. In total, there are
407 such kind of beats, so it is possible to use them to
extract some useful information as done in Sec. III C. The
SNR for these beats is estimated to be 31.0.
B. Application
With the relations presented in the previous sections,
one concludes that it is still possible to obtain the magni-
fication factors. First, by Eq. (4), θ+θE −
θ−
θE
= 2. Once the
ratio α = µ+/µ− is inferred using the matched filtering
as given by Eq. (17), these give,
θ+
θE
=
ζ(α) + 1 + 3α2
2(1 + α2)
,
θ−
θE
=
ζ(α)− 3− α2
2(1 + α2)
, (23)
where ζ(α) =
√
α4 + 14α2 + 17. These can be substi-
tuted back into Eq. (5) to calculate µ±,
µ+ =
√
3 + 5α2 + ζ(α)
1 + 3α2 + ζ(α)
, (24)
µ− =
√
5 + 4α2 − ζ(α)
−3− α2 + ζ(α) . (25)
Therefore, the actual luminosity distance of the source is
also determined.
As discussed above, the time delay ∆t can be measured
by two different methods. One is to simply find the times
of the two mergers and take their difference, and the other
is to measure the beat frequency ωb, which is substituted
into Eq. (13) to solve for ∆t. The second method is better
in the sense that some GW signals merge at the higher
frequencies beyond LISA’s sensitive band. Now, since
the early-type galaxy serves as the lens in the SIS model,
it is possible to obtain the galaxy’s redshift zL using the
natural electromagnetic signal [49]. Once zL is known,
Eq. (6) gives the time-delay distance D∆t = DLDLS/DS,
D∆t =
∆t
16pi2σ2v(1 + zL)
1 + α2
ζ(α)− 1 + α2 . (26)
In the Friedmann-Robertson-Walker spacetime, the an-
gular diameter distance is given by [50],
D(z) =
1√
ΩkH0(1 + z)
×
sinh
[√
Ωk
∫ 1
1
1+z
dx√
Ωr + Ωmx+ Ωkx2 + ΩΛx4
]
,
(27)
where H0 is the present-day Hubble constant, and Ωl
are the density parameters for the radiation (l = r), the
matter (l = m), the spatial curvature l = k and the
dark energy l = Λ, respectively. Therefore, D∆t could be
used to constrain the cosmological parameters, especially
the Hubble constant H0 [29, 51]. For this purpose, one
has to use the electromagnetic follow-up observations to
determine the host galaxy of the GW source and thus
zS [18]. The advantage of using the beat pattern is that
one needs not find all the “images” in order to determine
the Fermat potential. So this method would be more
accurate.
The conservative estimation of the lensing rate for
LISA has been done in Ref. [27]. During a 5-year mission,
there can be 4 multiple events detectable with SNR≥ 8.
From the previous subsection, one finds out that in order
to detect the beat pattern using LISA, β can be on the
order of 0.1 arcsecond, which is not very restricted. In
this case, β/θE ≈ 0.15, which, compared with ymax in
Fig. 1 in Ref. [27], does not have the difference on a few
orders of magnitude. So it is possible to observe the beat
with LISA. More exact calculation of the event rate will
be done in the future work.
V. CONCLUSION
As discussed above, when the time delay between the
lensed GWs is small enough, it is possible to obtain the
actual luminosity distance by making the good use of the
beat pattern. The time delay ∆t can be easily measured
at a very high precision without the need for the electro-
magnetic counterpart. The gravitational lensing caused
by a massive black hole also enables the measurement of
the redshifted mass of the lens, which does not rely on any
statistics method, but the event rate is negligible. Since
space-borne interferometers have much longer observa-
tion periods, there would be more GW events with the
beat pattern detected and the method presented above
could put very stringent constraints on the cosmological
parameters.
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